In this paper, we study the stability of two kinds of frames generated by nonlinear Fourier atoms. The first result is the Kadec type -theorem; Weyl-Heisenberg frame.
Introduction
Quadrature signal processing is used in many fields of science and engineering, and quadrature signals are necessary to describe the processing and implementation that takes place in modern digital communication systems. It serves two purposes: to determine the parameters needed for the construction of a necessary model, and to confirm if the model constructed represents the physical phenomenon. Especially nowadays, with the development of science and technology, a large amount of data is waiting for further scientific exploration. Traditional data analysis methods such as Fourier analysis, based on the linear stationary assumption have been shown to be efficient for processing of linear and stationary data. However, data from real systems, either natural or man-made ones, are most likely to be both nonlinear and non-stationary. Many 
In Ref. 4 , the authors show that these IMFs can be approximated by B-spline. For a real-valued signal f (t), there are infinitely many ways to write f (t) as a(t) cos θ(t). Gabor 10, 18 first used the Hilbert transform to generate the associated analytic signal according to 2) and then the original signal is the real part of the complex-valued function:
. This amplitude-frequency modulation is unique and is called the canonical modulation. In such a way we obtain the one-to-one correspondence f (t) → (ρ(t), θ(t)), the latter being called the canonical pair associated with f (t). With a canonical modulation, if θ (t) ≥ 0, then θ (t) is defined to be the instantaneous frequency of the complex signal f a (t), and also that of the associated real signal f (t) (see, for example, Refs. 7 and 18). The notion of instantaneous frequency, however, is not valid for multicomponents. For instance, the "instantaneous frequency" of the signal f (t) = cos t + cos 2t obtained through its analytic signal has negative values. This suggests to decompose multi-components into the sum of mono-components to which meaningful instantaneous frequency may be defined. So far, there is no strict mathematical definition of mono-components. A large number of literature discuss this problem, see, for example, Refs. 2, 3, 7, 16 and 18. We know that if and that of cos θ(t) are respectively of low-pass and high-pass and disjoint, then
, and the form f (t) = a(t) cos θ(t) is the canonical representation of f (t). Since it is expected that the spectrums of amplitude is lower than that of the unimodular part e iθ(t) , then the assertion f q (t) = f a (t) is reduced to (1.5). : n ∈ Z}, |a| < 1, where dθ a (t) is a harmonic measure, that is, the derivative of θ a (t) is the Poisson kernel. We show that cos θ a (t) is of mono-component.
5
That essentially means that θ a (t) > 0, the Hilbert transform of cos θ a (t) is sin θ a (t), and θ a (t) can be decomposed into a sum of a linear part and a nonlinear but periodic part. This paper contains 4 sections. In Sec. 2, we recall some properties of nonlinear Fourier atoms. In Sec. 3, we establish Kadec type 
Behavior of Nonlinear Fourier Atoms
An analytic signal is of the form
where ρ(t) and θ (t) are the corresponding instantaneous amplitude and frequency of f (t), which is the boundary value of an analytic function in the upper-half-complex plane. In Ref.
19 (see also Ref. 20) , Qian introduces θ a (t) defined by
through the Möbius transformation
that is a conformal mapping one-to-one and onto from the unit disc to itself under the condition τ (a) = 0. Note that θ a (t) is defined on the unit circle and its derivative is the Poisson kernel (see Refs. 11 or 19)
The function θ a may be continuously extended to the whole real line with the property θ a (t + 2π) = θ a (t) + 2π whose derivative p a (t) is continuous and 2π-periodic. 
where
we get the explicit expression
Note that the first part is linear and the second part is periodic, and the decomposition is unique. It is interesting to note that the signal cos θ a (t) is a mono-component with frequency modulation. To see this, we need to show that its Hilbert transform is the corresponding sine function sin θ a (t).
The circular Hilbert transformH
is defined byH
4)
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It has a singular integral expressioñ
In accordance with the Bedrosian theorem, it has been well accepted that if H (a(t) cos φ(t)) = a(t) sin φ(t) and φ (t) ≥ 0, then meaningful instantaneous amplitudes and frequencies may be defined through the amplitude-frequency modulation signal s(t) = a(t) cos φ(t). In the case, we regard s(t) as of mono-component. The following theorem states that cos θ a (t) is a mono-component with constant amplitude. We provide an explicit representation for the function cos θ a (t). By (2.3), we have that
Through a direct computation, we have
In particular, when a is a real number less than 1, cos θ a (t) can be simplified into cos θ a (t) = 1 + |a|
With the notation θ a (t) = p a (t), p a (t) being the Poisson kernel, we have p 0 = 1. There holds the estimates for p a :
It is a Hilbert space equipped with the inner product 
Note that all the spaces L 
The identity of the function sets then implies that the last equality also holds for functions in f ∈ L 2 ([0, 2π]). That is, the standard square integrable functions can be approximated by the nonlinear Fourier atoms with the weighted Fourier coefficients c a n (f ).
Kadec Type 1 4 -Theorem for Nonlinear Fourier Atoms
The notion of frame has been introduced by Duffin and Schaeffer. 9 A sequence of distinct vectors {φ n : n ∈ Z} belongs to a separable Hilbert space H is said to be a frame if there exist positive constants A and B such that
for every f ∈ H. The numbers A and B are called the lower and upper bounds of the frame. If the sequence {φ n : n ∈ Z} is a (Schauder) basis as well as a frame in H, then {φ n : n ∈ Z} is called a Riesz basis.
The fundamental stability criterion for Riesz basis, historically the first, is due to Paley and Wiener. 17 We formulate it as follows (see Ref. 9 , Chap. 1, Theorem 13):
Proposition 3.1. Let {φ n : n ∈ Z} be an orthonormal basis for a separable Hilbert space H and let {ψ n : n ∈ Z} be "close" to {φ n : n ∈ Z} in the sense that
for some constant λ, 0 ≤ λ < 1, where {c n : n ∈ Z} is an arbitrary sequence satisfying n∈Z |c n | 2 ≤ 1. Then {ψ n : n ∈ Z} is a Riesz basis for H.
In the context of an orthonormal Fourier basis, Kadec proved the so-called We now establish the Kadec type 
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Theorem 3.1. If {λ n : n ∈ Z} is a sequence of real numbers for which 
A direct calculation gives the relationship of frames of the spaces
and L 
We shall now show that Kadec type The last assertion in the theorem can be deduced from the inequalities (2.9).
If a real sequence {µ
n : n ∈ Z} satisfies |µ n − λ n | ≤ λ < L for every n ∈ N, then the system {e iµnθa(t) : n ∈ Z} is a frame in L 2 a ([0,
2π]) with lower and upper bounds
A 1 − A B (1 − cos λπ + sin λπ) 2 and B(2 − cos λπ + sin λπ) 2 . Furthermore, {e iµnθa(t) : n ∈ Z} is a frame in L 2 ([0, 2π]) whenever |λ n − µ n | ≤ λ < L
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Weyl-Heisenberg Frames for Nonlinear Fourier Atoms
For any function f ∈ L 1 (R), the weighted Fourier transform is defined through the 2π-periodized function p a bŷ
Through change of variable, we have the relation
, the last relation enables us to define the corresponding weighted Fourier transform for functions in L 2 (R). Note that when a = 0, it reduces to the standard Fourier transform
In distribution sense, we can check that the weighted Fourier transform of cos θ a (t) is 1 2 (δ(ξ − 1) + δ(ξ + 1)). The inverse formula of (4.1) takes the form
Then, it is a Hilbert space equipped with the inner product 
This shows that the system {e a k : k ∈ Z} is orthonormal. For completeness, suppose that f ∈ L 2 pa (I) and f, e a k pa = 0 for all k ∈ Z. Noting that f χ I = f since supp f ⊂ I, and changing variables, we obtain for all k ∈ Z,
By the standard completeness result for Fourier series, n∈Z f (θ
, hence is 0 a.e. on [0, 2π] . But this is 2π-periodic and thus is 0 a.e. on R. a (t + 2πn) , n ∈ Z, have a.e. disjoint supports, and hence each must be 0 a.e. on R. Letting n = 0, we see that f (θ −1 a (t)) = 0, and f = 0 a.e. on I, and the completeness follows.
To define the Weyl-Heisenberg frame, we introduce the operators of modulation E a β and translation T α for function f ∈ L 2 (R) by 
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For simplicity, we also introduce the following auxiliary function: 
G(t)
:
